
Math 8 Homework 8

1. Suppose that x1, . . . , xn are real numbers such that

x1 + 2x2 + 3x3 + · · ·+ nxn = 1.

Find the minimum possible value of x21 + x22 + · · ·+ x2n with proof.

2. Suppose that x, y, z > 0 and that x+ y + z = 1. Show that
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3. Suppose that a, b > 0 and a+ b = 1. Show that(
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4. Prove there does not exist a sequence a1, a2, a3, . . . of reals so that for all m ∈ N we have

am1 + am2 + am3 + · · · = m.

5. Consider n arbitrary real numbers x1, x2, . . . , xn.

(a) Prove Carlson’s inequality:

(x1 + x2 + · · ·+ xn)
2 <

π2

6
(x21 + 4x22 + 9x23 + · · ·+ n2x2n).

(b) Show that π2/6 cannot be replaced by any smaller constant if we allow n to be arbitrarily large.

6. Show that for positive reals a, b, c with a+ b+ c = 1
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7. Given positive numbers a, b, c, prove that

aabbcc ≥ (abc)(a+b+c)/3.

8. Consider an acute triangle ABC with side lengths a, b, c and area K. Prove each of the following.

(a) sec2A+ sec2B + sec2 C ≥ 12

(b) sinA sinB sinC ≤ 3
√
3

8

(c) a2 + b2 + c2 ≥ 4K
√
3 (Weitzenböck’s inequality)

9. Let p, q > 1 be real numbers satisfying 1/p+ 1/q = 1.

(a) Let a, b > 0. Prove Young’s inequality: ab ≤ ap/p+ bq/q.

(b) Let x1, x2, . . . , xn and y1, y2, . . . , yn be arbitrary reals. Prove Hölder’s inequality:
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10. Let p1, p2, . . . , pn and q1, q2, . . . , qn be positive real numbers with

p1 + p2 + · · ·+ pn = q1 + q2 + · · ·+ qn = 1.

Prove Gibbs’ inequality from information theory:

−
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pk ln pk ≤ −
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pk ln qk.


